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Abstract 

In this paper a concept of finite impulse response (FIR) narrow band-stop (notch) filter with non-zero initial 

conditions, based on infinite impulse response (IIR) prototype filter, is proposed. The filter described in this 

paper is used to suppress power line noise from ECG signals. In order to reduce the transient response of the 

proposed FIR notch filter, optimal initial conditions for the filter have been determined. The algorithm for 

finding the length of the initial conditions vector is presented. The proposed values of the length of initial 

conditions vector, for several ECG signals and interfering frequencies, are calculated. The proposed filters are 

tested using various ECG signals. Computer simulations demonstrate that the proposed FIR filters outperform 

traditional FIR filters with initial conditions set to zero. 
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1. Introduction 

 

Practical design and implementation of FIR filters have become an important part in the 
development of measurement, especially in automatic catchweighing instruments [1-2], 

biomedical devices [3] or communication [4]. The notch filter is a narrow band-stop filter that 
can be used in various applications for removing noise at known frequencies. Notch filters 

allow significant reduction of power line interference from measured signals [5]. 
Unconditional stability and linear phase response are among the advantages of FIR filters [6]. 
Design methods of FIR notch filters are well known and widely described in literature [6-9]. 

In the works devoted to the FIR filters authors mainly focus on analysing the frequency 
response. Properties of these filters in the time domain are rarely discussed in the literature. 

 In many measurements there is a need to work out the output signal without delay. The 
transient response of a filter is a secondary effect of the approximation of the frequency 
response. It may significantly corrupt the initial portion of the processed signal [10] which 

may be important, e.g. in the Automated External Defibrillators (AED). In this kind of 
devices it is very important to work out a clean ECG signal as fast and as accurately as 

possible [11]. AEDs are portable defibrillators that are designed for untrained non-medical 
personnel. Audible and visual prompts will guide the user through the process. The research 

papers have shown that the delay from cardiac arrest to delivery of the defibrillation is the 
most important factor of patient’s survival. Successful defibrillation declines at a rate of 7 to 
10% with each minute of delay [11].  

A filtered output signal has two components: a transient response and a steady state 
response. The measurement of the filtered output signal can be accelerated by reducing the 
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transient response. The improvement of the transient response is a problem which has been 

considered in many fields of engineering. However, the commonly used filters are, in many 
cases, inappropriate due to the long duration of transients [12-13]. 

  For filters with time-invariant coefficients there are only small possibilities of shortening 

the transient state. In this paper a technique for improving the transient response of the time-
invariant FIR filters using non-zero initial conditions for the filter is proposed. To calculate 

optimal initial conditions for the filter the projection technique is used [14].  
There are many methods that can be used to design FIR notch filters. One of these methods 

uses the IIR  prototype filter [3]. This method will be used in this paper.  

This paper is divided into the following sections: Section 2 describes the method of 
designing a FIR notch filter using the IIR prototype filter. In section 3, the method for 

calculating the initial conditions for the FIR filter is derived. Then, in Section 4, the analysis 
of the length of the initial conditions vector is presented. In Section 5, the results of 
simulation are given. Finally, concluding remarks are drawn in Section 6. 

 

2. FIR notch filter based on IIR prototype filter 

 

The filter considered in this paper is based on the notch filter proposed by Deshpande 
et al [3]. The transfer function of the second order IIR notch filter has the following form: 

  

                                                     �0�z� = �0

1−2cos��0��
−1+�−2

1−2������0��
−1+���−2

,                                            (1) 
 

where �� is a scaling factor, � is the pole radius, and �� is the normalised frequency in 
radians.  

  The notch effect in (1) is obtained by placing a pair of complex conjugate zeros at �±�	�. 

The frequency response of (1) in the passband is close to unity. This is obtained by placing a 

pair of conjugate poles at ��±�	�. The value of � must be positive and smaller than unity. 
 Equation (1) can be written in the following form [3]: 
 

  ��(�)=�� �
(�) ��(�), (2a) 
where: 

  �
��� = 1 − 2 cos���� ��
 + ���, (2b) 
 

  ����� =




��� ����	���
��������

. (2c) 
 

Since � = ��	, (2b) can be written as: 
 

  �
	��	
 = 1 − 2 cos���� ���	 + ����	= 

                         = ����		��	 − ��	�
	��	 − ���	�
. (3) 
 

If we put � = �� in (3), it is easy to show that �
	��	�
 = 0. This ensures a notch at ��. 

Using long division of unity by factor (1 − 2� cos���� ��
 + �����), (2c) can be written 
as follows: 

  ����� = 1 + ���
 + ��� − ����� + ��� − 2������ + 

                            +��� − 3��� + ������ + ��� − 4��� + 3������� + ⋯, (4) 
 

where: � = 2�
��(��) and � = ��.  
Equation (4) can be also put in the following form: 
 

  ����� = ∑ ℎ��������
��� ,  (5a) 

where: 

  ℎ���� = ∑ �−1��	���

�

����������� 

��� . (5b) 
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In (5b), notation ��� stands for the integral part of x . According to [3],  truncating the 

series given by  (5a) at � = �, the FIR filter can be described by the following transfer 
function: 
 

  ��
��	 = ∑ ���	����

���
, (6a) 

where: 

  ���	 = ℎ�
��	 − 2 cos���

	ℎ�
�� − 1	 + ℎ�

�� − 2	,    � = 2,3, … , 
, 

  ��0	 = ℎ�
�0	,   ��1	 = −2 cos���

	ℎ�
�0	 + ℎ�

�1	. (6b) 

 

It should be noted that the method proposed in this section has some limitations. If the pole 

radius of the IIR prototype filter is major than 0.93, ripples in the passband of the obtained 
FIR filter can be observed. These ripples are caused by round-off noise. The round-off noise 

is proportional to 1/(1 − �)� [7]. 
 Figure 1 presents the comparison of the magnitude responses of the second order IIR 

notch  prototype filter (with pole radius r = 0.93 and 1.8 rad/s notch frequency) and the 170th 
order FIR filter based on this prototype. For the assumed case the maximal error between the 

magnitude responses of the designed FIR notch filter and the IIR prototype filter over the 
entire frequency range is equal to 0.0251. 

 

 
 

Fig. 1.  Comparison between the magnitude responses of the IIR notch prototype filter  

and the designed FIR filter. 

 

3. �on-zero initial condition for the FIR filter  

 

An FIR filter based on the IIR prototype filter has many advantages, e.g.  unconditional 

stability [6]. Conversely, the transient response of the IIR prototype filter also occurs in the 
output of the designed FIR filter [3]. The transient response duration strongly depends on 

the rejection bandwidth [10]. Usually, if the rejection bandwidth is narrower, a longer 

transient response is observed. However, to reduce a sinusoidal interference without distortion 
in the frequency domain, notch filters with very narrow rejection bandwidth are chosen [14]. 

In traditional design methods of notch filters the trade-off between the duration of the 
transient response and the distortion of separateness in the frequency domain must be 
considered [14]. In this paper a technique to suppress the transient response in FIR notch 

filters based on prototype IIR filters is proposed.  
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 The transient response suppressing method is based on the vector projection technique 

[14]. First of all, the vector projection method is used to decompose first L samples of the 
filter input signal into a sinusoidal component and a useful signal component. Then, the initial 
values for the filter are calculated. In the next step, first L samples of the filter output signal 

are replaced by formerly determined initial conditions. 
A useful signal distorted by a sinusoidal interference can be written as follows [14]: 
 

  ���� = ���� + �(�), (7) 
 

where: �(�) is the notch filter input signal, �(�) is the useful signal, and �(�) is the 

sinusoidal interference with amplitude ��, normalised frequency �� in rad/Sa, and initial 

phase 	, given by: 
  ���� = �� sin���� + 	�.   (8) 
  

 The transient response suppression technique is presented as follows [14]. At the 

beginning, L samples of the signal �(�) are put into vector 
: 
 

  
 = � �(0)�(1)

⋮�(� − 1)


. (9)  

 

Using (7) and (9), vector 
 can be rewritten as: 
 

 
 = � + �, (10a) 
where: 

                                                         � = � �(0)�(1)

⋮�(� − 1)


                                                      (10b) 
and 

  � = � �(0)�(1)

⋮�(� − 1)


. (10c) 

  

Equation (8) can be written in the following form: 
 

 ���� = �� sin���� + 	� = ��
�cos�	� sin����� + sin�	� cos������. (11) 

 

Using (11), matrix � can be defined as follows:  
 

  � =

���
�� 1 0

cos (��) sin (��)

cos (2��)

⋮

cos �(� − 1)��
�

sin(2��)

⋮

sin �(� − 1)��
����
��
. (12) 

 

In matrix (12) vector � is in the row space for any initial phase 	 of ����. 
The next step of the projection method is to define the projection operator �. This operator 

is defined as: 

 � = �(���)����, (13) 
 

where notation T stands for the transposition. Using matrices (12) and (13) the useful signal 
can be estimated by: 
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  �� = �� − ���, (14a) 
 

where � is the identity matrix. The sinusoidal interference can be estimated by: 
 

  �� = ��. (14b) 
 

 Using the estimated useful signal �� as initial condition for the FIR notch filter, the 
transient response can be considerably reduced. The output of the �-th order FIR filter is 

given by [4]: 
 

 	�
� = [��(
) + ��(
 − 1) + ��(
 − 2) + ⋯ + ��(
 − �)]
(
), (15) 
 

where: ���
�,���
 − 1�, ���
 − 2�, … , ��(
 − �) are the FIR filter coefficients, y(n) and 

x(n) are the filter output and input, respectively. For n = 0 to L−1, values of the filter output 

y(n) are replaced by the estimated signal �� : 
 

 	�
� = [	�0� 	�1�…	(� − 1)]� = �� = �� − ���. (16) 

 

4.  Length of non-zero initial condition vector  

 

 In this section the optimization process of the length of the non-zero initial conditions 
vector for the proposed filter is presented. The main problem of using the technique described 
in the previous section rests upon proper selection of L (the length of the initial conditions 
vector). The authors in [13] denoted that the value of L should be integer between 5 and 15. A 

proof of that statement is provided. In this paper the analysis of the length of the initial 
conditions vector is done. In order to investigate the dependence of the quality of filtering and 
length of the initial conditions vector, the ECG signal distorted by 50-Hz power line 

interference is used. The distorted ECG signal used in this paper is presented in Fig. 2. The 
signal was by a 50-Hz sinusoid with unity amplitude. The signal is sampled at fs = 250 Hz. 

 

 
  

Fig. 2.  ECG signal with 50-Hz distortion. 
 

In Fig. 3, the mean squared error (MSE) is shown as a function of initial condition vector 
length. The MSE is defined as: 

      � =
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�
∑ |	�
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(
)|��

��� , (17) 
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where K is equal to 90, y(n) is the FIR filter output, and x(n) is the FIR filter input signal. The 

MSE of the filter, with values of L from 1 to 45, was calculated. The optimal value of L can 
be easily picked out using this figure. 

 

 
 

Fig. 3.  Mean squared error as a function of initial condition vector length. 

 

As it can be seen in Fig. 3 the value of L proposed in [13] does not provide the minimal 

value of the MSE. The local minima �
 

∗  of the MSE are correlated with the sampling rate fs 

and noise frequency �� as follows: 
 

                                               �
 

∗ =
��

��
�,      � = 1,2,3, …s.                                                (18) 

 

For the used ECG signal, the local minima of the MSE, presented in Fig. 3 appear when L 

is equal to 
���

��
� = 5�, � = 1,2,3, …. 

 In the case of improper choice of the value of L, ripples in the estimated useful signal 

��  occur. In the technique used to suppress the transients, the first L samples of the filter 

output signal are replaced by the estimated useful signal �� . To avoid problems with 
computational complexity and delays of the output signals, the minimum value of L that 
ensures the smallest value of the MSE should be selected. Therefore, a properly chosen value 

of L guarantees good quality of filtering and suppression of the  transient response. If we 

define transient response duration in samples by M, the value of L should be the first �
 

∗   from 
(18) greater than M. Proper selection of the  value of L provides a significant reduction of 

transient response, because all samples of transient response are replaced by �� .  
In Table 1 the proposed values of L calculated using (18) are presented. In the next section 

simulations using the proposed values of L are carried out. 

 

Table 1. The proposed value of the initial condition vector length L. 
 

Sample rate  

fs [Hz] 

Noise frequency 

�� [Hz] 
��/�� 

Transient 

response 

duration M 

k 
The proposed 

value of L 

250 
50 5 30 6 30 

60 4.16(6) 33 8 33 

360 
50 4.2 28 5 36 

60 6 28 5 30 

1000 
50 20 41 3 40 

60 16,66(6) 35 3 50 
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5.  The results of simulations   
 

Simulations of the proposed FIR filter with non-zero initial conditions have been made 
using Mathworks Matlab R2011b. For examination, three different ECG signals have been 

used. The first (ECG1) and the second (ECG2) signal is the voltage between the left leg 
electrode (LL) and the right arm electrode (RA). The third signal (ECG3) is taken from 

electrode (V1) placed in the fourth intercostal space just to the right of the sternum.  
The first signal is unconditioned, the second and the third are conditioned, amplified by 200 
analog to digital unit per miliVolt (adu/mV). 

 The clean ECG signal contains frequency components ranging from 0.05 Hz to 100 Hz. 
Therefore, the 50-Hz interference, which has to be removed from the useful signal, lies inside 

the spectrum of the ECG signal. ECG1 is sampled at 250 Hz but ECG2 and ECG3 are 
sampled at 360 Hz. All the ECG signals originate from the MIT-BIH (Massachusetts Institute 
of Technology-Beth Israel Hospital). In this section, first of all, the influence of the value of L 

on the filtration process is investigated. To evaluate the performance of the proposed FIR 
filter the MSE given by (17) is calculated. Secondly, simulations of the discussed filter are 

carried out. Simulations are made with three ECG signals starting at different points, i.e. at 
QRS complex or PR interval. The MSEs for each case are calculated. Also the MSEs for the 
second order IIR notch filter are determined.  

 

 
 

Fig. 4.  Filtering results. The value of L is appropriate. 

 

 
 

Fig. 5. Filtering results. The value of L is inappropriate. 
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In Figs. 4 and 5 the simulations of filters with proper and improper choice of the value of L 

are presented. Proper selection of L assures suppression of the transient response. On the other 
hand, an incorrect value of L, presented in Fig. 5, causes unintentional ripple in the filter 
output signal. Proper values of L are presented in Table 1. The MSEs in the discussed cases 

are 0.001077 and 0.001541 respectively. The MSE for the second order IIR notch filter is 
2.057016. 

The next simulations provide the results of the various ECGs filtering processes. The ECG 
signal in each simulation begins at different moments. It is extremely important in the ECG 
measurement to have a clean signal as quickly as possible. The portion of the ECG signal lost 

on the transient response may impede appropriate measures. In the cases assumed below, 
according to (18), a minimum value of the MSE occurs when L is an integer greater than the 

transient response duration M. For ECG2 and ECG3 signals it was assumed that ��  =

 ��� ��, ��  =  �� ��, and M = 28. According to Table 1, L should be set to ��. 
In Figs. 6 and 7 the output signals of the proposed FIR filters are presented. The input of 

the filters are ECG2 and ECG3, both with 50-Hz distortion. The simulations start at the PR 
interval (flat part of the ECG) and the QRS complex (peak of the ECG), respectively. 

 
                a)                                                                                    b) 

  
Fig. 6. ECG2 filtering results:  a) simulation start at PR interval; b) simulation start at QRS complex. 

 
a)                                                                                b) 

  
Fig. 7. ECG3 filtering results: a) simulation start at PR interval; b) simulation start at QRS complex. 
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As shown in Figs. 6 and 7, the described FIR filter with non-zero initial conditions 

outperforms the traditional FIR filter in any case. Using the proposed FIR filters in the ECG 
measurements the transient response and 50-Hz distortion is reduced. In Table 2 the results of 
simulations are presented. For each signal (ECG1, ECG2, ECG3) four simulations have been 

made. The first two started at the PR interval, the last two at the QRS complex of ECG. For 
both cases the value of L is selected in a proper and improper manner, respectively. The MSE 

is calculated using (17).  
 

Table 2. Results of numerical experiments for different input signals. 
 

The FIR filter input signal 

MSE 

Traditional 

FIR filter 

MSE 

Proposed 

FIR filter 

MSE 

IIR filter 

ECG1, L=30, starts at PR interval 0.01839 0.00108   0.01838 

ECG1, L=33, starts at PR interval 0.01839 0.00154 0.01838 

ECG1, L=30, starts at QRS complex 0.01322 0.00040 0.01338 

ECG1, L=33, starts at QRS complex 0.01322 0.00114 0.01338 

ECG2, L=36, starts at PR interval 11003.5 133.987 11003.6 

ECG2, L=32, starts at PR interval 11003.5 3491.88 11003.6 

ECG2, L=36, starts at QRS complex 10527.1 5.73273 10527.1 

ECG2, L=32, starts at QRS complex 10527.1 3295.92 10527.1 

ECG3, L=36, starts at PR interval 10624.0 38.4847 10624.0 

ECG3, L=32, starts at PR interval 10624.0 3528.00 10624.0 

ECG3, L=36, starts at QRS complex 9759.28 6.60793 9759.29 

ECG3, L=32, starts at QRS complex 9759.28 3760.80 9759.29 

  

For all input signals, it is obvious that the FIR filter with non-zero initial conditions has 
always smaller MSE than the traditional FIR filter with initial conditions set to zero. The 

projection operator matrix � is dependent only on L and ��. The matrix ��− �� could be 
pre-stored for various classes of signals [14]. The presented technique for reducing the 
transient response is easy to implement to FIR filters and provides smaller MSE that the 
traditional FIR filters. The implementation cost for FIR filter structures is larger than for IIR 

filters discussed in [10]. One of the important advantages of FIR filters is their unconditional 
stability. 

  

6. Conclusions 

 

 In order to reduce the transient response of the FIR notch filter, non-zero initial conditions 
have been proposed. To compute them, the vector projection method has been used. The 

analysis of influence of the number of non-zero initial conditions on filtering quality has been 
carried out. The optimization process of the initial conditions vector length has been 
presented. The proposed FIR notch filter has been successfully used to reduce the transient 

response of signals distorted by 50-Hz sinusoidal interference. Simulation results prove, for 
various ECG signals, that this technique can improve the performance of FIR notch filters 

based on an IIR prototype filter. Furthermore, the values of initial conditions vector length for 
several sampling rates and interference frequencies have been presented. 
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